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ABSTRACT 
 
A strictly mass conserving VOF method based on the 
advection of a local height function, which was used 
e.g. for water impact problems, is applied also for the 
simulation of MFD free surface flows. Specific stress 
and pressure boundary conditions are employed at the 
melt free surface. An experimental validating of the 
method was obtained by the good agreement of the 
calculated free surface form with the measurements 
performed in a laboratory induction coreless furnace.  
 
Index Terms – MFD free surface flow, finite dif-
ference method, VOF method, local height function, 
pressure at melt surface in electromagnetic field 
1. INTRODUCTION 
One of the most popular method for the simulation of 
unsteady free surfaces is the Volume Of Fluid (VOF) 
method based on the advection of a VOF function F 
[1], indicating the fractional volume of a computa-
tional cell filled with fluid, i.e. F = 0 in the empty 
cells E (Fig. 1), 0 < F < 1 in the adjacent partly filled 
surface cells S and F = 1 in the completely filled fluid 
cells F, respectively. After every calculation time 
step, the free surface can be reconstructed using a 
Simple Line Interface Construction (SLIC) [1, 2] or a 
more accurate method employing a Piecewise Linear 
Interface Construction (PLIC) [3–5]. 
The applying of the donor-acceptor [1] and PLIC 
methods [3, 4] can yield values F < 0 or F > 1 and by 
their rounding to 0 and 1, respectively, the volume 
conservation of an incompressible fluid is destroyed. 
Another drawback of these methods is the numerical 
creation of unphysically holes in the fluid or of ‘flot-
sam’ and ‘jetsam’, which are small droplets discon-
nected from the free surface [2−4]. 
To avoid these disadvantages, the VOF method 
was combined with a Local Height Function (LHF) 
[6] and successfully employed for the simulation of 
the coupled solid-liquid dynamics under extra-terres-
trial conditions in spacecraft [7], of water waves im-
pact problems [8, 9] and two-phase flows in sloshing 
tanks [10], respectively. 
E
S
F F
S
S
E
E E
h
vs
h
z
r
j
+ 1i
i
i 1
 
 
Fig. 1. Cell labeling and block for defining the LHF. 
 
In this paper, the VOF method combined with a 
LHF is extended to the simulation of electromagneti-
cally driven free surface flows by introduction of the 
followings: 
• Proper calculation of the electromagnetic field and 
pressure in S cells [11] 
• Volume conserving displacement of the melt free 
surface by advection of a dimensionless LHF 
By using the Finite Difference Method (FDM), the 
extended MagnetoFluidDynamic (MFD) LHF-VOF 
method was implemented in a self-developed com-
putational program and employed for the flow mode-
ling in an Induction Crucible Furnace (ICF) [12], the 
calculated free surface showing a good agreement 
with the measurements presented in [13]. 
2. ELECTROMAGNETIC FIELD 
COMPUTATION 
The electromagnetic field is determined by solving 
the conservative differential equations of the magne-
tic vector potential for the points of a staggered grid. 
Thus, the finite difference equations approximate 
more accurately the Ampère’s circuital theorem [14]. 
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In cylindrical coordinates r, φ, z, the conservative 
equations of the vector potential A are given in [14] 
for non-ferromagnetic media and in [15] for the pre-
sence of magnetic cores, respectively. In these equa-
tions, all terms preserve the conservative property 
also in radial direction, e.g. the following term must 
be used in the equation of component Ar [14]:  
⎟⎟⎠
⎞
⎜⎜⎝
⎛
ϕ∂
∂
∂
∂+∂
∂−= ϕϕ
A
rr
Ar
rr
T 1)(12   (1) 
instead of the more simple, but non-conservative 
.22 ϕ∂
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T    (2) 
According to the reasons explained in [11], in 
order to obtain a realistic MFD simulation, the partly 
filled surface cells must be considered in the electro-
magnetic calculations as being completely filled with 
melt. Thus, both the electromagnetic and force fields 
are computed in the S cells using the whole electrical 
conductivity σ of the molten metal, instead of the 
usually reduced conductivity Fσ. 
3. CALCULATION OF TURBULENT FLOW 
The flows in industrial induction applications are 
most accurately calculated using the method of Large 
Eddy Simulation (LES) [16, 17]. For flows characte-
rized by very low frequencies of the large scale velo-
city oscillations, whose modeling  with LES requires 
excessive time and computational resources [16], the 
computationally less expensive k-ε or Reynolds stress 
models [18, 19] can be applied. 
For known Lorentz forces, all FF, FS and SS velo-
cities are first determined by the explicitly discretised 
momentum equations, considering all F and S cells to 
be completely filled with fluid [7−9]. Afterwards, the 
SOLution Algorithm (SOLA) [1, 20] is employed for 
the iterative correction of pressure and velocity fields 
to satisfy continuity in all F cells [11]. Finally, the 
turbulence field is computed in all F and S cells, e.g. k 
and ε are calculated from their discretised transport 
equations. 
The Quadratic Upstream Interpolation for Convec-
tive Kinematics (QUICK) is applied in the momen-
tum equations utilizing the flux-splitting procedure 
[21], excepting the near-wall and near-surface grid 
points, where in normal direction only the upwind 
scheme can be employed. In the equations of the tur-
bulence field, the convective terms are approximated 
only by the upwind scheme. 
To obtain greater maximal admissible time steps 
for the simulations in cylindrical coordinates, the dif-
fusive terms in φ-direction are treated implicitly and 
all other terms explicitly [22, 23]. In case of rotatio-
nal flows, the known near-middle velocity increase in 
the flow-mechanically stable layers can be modeled 
by using either the Reynolds stress model or noniso-
tropic versions of the k-ε model [21] and the Smago-
rinsky model in LES [23], respectively. 
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Fig. 2. Configurations of SE and EE velocities. 
 
d
s
f
n
p
F
p
p
S
h
 
 
Fig. 3. Concerning the pressure calculation in S cells. 
4. FREE SURFACE BOUNDARY CONDITIONS 
Generally, an electric potential is used in the equa-
tions of the magnetic vector potential, to annul the 
normal current density at the conductor surface. 
The stress and pressure boundary conditions will 
be briefly presented for the upper surface of an axi-
symmetric flow with the velocity components u and v 
in the r- and z-directions. 
Because of the reasons explained in [11], the dis-
cretised continuity equation is employed in all S cells. 
The equation can be applied immediately, where the 
SE velocity follows from the other three always cal-
culated velocities (Fig. 2 left) and subsequently, the 
upper EE velocity is determined from the discretised 
tangential stress condition [7, 8] 
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In case of an S cell with two open sides, which are 
not positioned opposite each other (Fig. 2 right), the 
conservation of velocity component v in z-direction is 
supplementary demanded [7]. 
If the free surface lies between the central points 
of two neighboring F and S cells, then the pressure is 
extrapolated in the S cell as (Fig. 3) [1] 
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where pa, pγ and µeff represent the ambient pressure, 
the pressure due to the surface tension γ and the ef-
fective dynamic viscosity, respectively. 
For an S cell’s centre located below the surface, 
the pressure may be determined more accurately con-
sidering the variable space-distribution of the electro-
magnetic force density by [11] 
,hdfhdpp n >−−= if)(sS   (5) 
Table 1. Calculation of VOF functions. 
 
H Fi−1, j Fi, j Fi+1, j 
H < 1 − e H 0 0 
1 + e < H < 2 − e 1 H − 1 0 
H > 2 + e 1 1 H − 2 
 
where fn denotes the resulting normal force density 
acting on the cell’s upper face (Fig. 3). 
In a new S cell appeared in a transient flow simu-
lation, the physical quantities of the turbulence field 
from its southern cell are set as initial values, e.g. the 
values of  k, ε, µeff and, in case of a near-wall S cell, 
also of the friction velocity, when using the k-ε turbu-
lence model [11]. 
5. FREE SURFACE DISPLACEMENT 
The free surface advection and reconstruction will be 
presented also for the upper surface of an axisymme-
tric flow. For every S cell i, j (Fig. 1), a dimensionless 
LHF is introduced for the free surface treatment, defi-
ned when using an uniform grid by [1, 7−10] 
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m
jmFH         (6) 
where the summation is from m = i − 1 to m = i + 1. 
During a calculation time step ∆t, the conservation 
of the melt volume in the thick line column shown in 
Fig. 1 may be expressed as 
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in which Vj and h represent the volume (modulo 2π) 
corresponding to the cell i, j of mean radius rj and the 
grid size, respectively, and vs denotes the velocity 
across the southern side of the three-cell block. 
In Eq. (7), the terms Фem and Фwm indicate the ra-
dial fluxes (modulo 2π) through the eastern and wes-
tern faces of cell m, j calculated by 
,Pff Fhtur ∆=Φ   (8) 
where rf and uf are the radius of the cell face and the 
velocity passing through it, respectively, while FP de-
notes the VOF value from adjacent grid point P to the 
considered face on its upstream side. 
By using a stability limited time step ∆t in the ex-
plicit Eqs. (7) and (8), no overflow H > 3 or under-
flow H < 0 of the column can occur and therefore, the 
method is strictly volume conserving [6−10]. The 
three individual VOF values in the column j (Fig. 1) 
are determined from the new calculated H value ac-
cording to Table 1, where a small constant e was in-
troduced to prevent numerically generated oscillations 
of the VOF values, i.e. of the computed free surface. 
Finally, the free surface is reconstructed as a step-
ped curve using the known SLIC [1, 7−10]. 
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Fig. 4. Transverse section of test furnace (schematic): 
1 – inductor, 2 – crucible, 3 – melt. 
 
Table 2. Characteristics of the ICF (Fig. 4) [12, 13] 
 
frequency, r.m.s. value of the 
inductor current 
386 Hz 
I = 2 kA 
inner diameter of the inductor 385 mm 
inferior and superior heights of 
the copper tube inductor 
a = 47.5 mm 
b = 570 mm 
wall thickness of the copper tube c = 3.5 mm 
inner diameter of crucible 316 mm 
mean height of Wood’s metal melt 400 mm 
physical properties of molten 
Wood’s metal 
9.4 kg/dm3 
σ = 1 MS/m 
µ = 4.2 cP 
γ = 0.46 N/m 
6. RESULTS 
The transient MFD field was simulated in a test ICF 
(Fig. 4) described in Table 2 [12, 13], using the k-ε 
model. By the partially filling of the nonmagnetic 
steel crucible with molten Wood’s metal, an intensive 
turbulent flow was electromagnetically driven in the 
laboratory furnace [13], which is suitable for experi-
mental verifications of flow calculations. 
The presented MFD LHF-VOF method is not used 
in the commercial codes available for the electromag-
netic field and flow simulations. Therefore the me-
thod was implemented in a self-developed computa-
tional program in FORTRAN, by applying the FDM 
for a 40 x 120 grid in the r- and z- directions, destined 
for two-dimensional (2D) MFD simulations. 
The n = 11 series turns of the inductor were consi-
dered in the electromagnetic field computation as be-
ing fed at t ≥ 0 with a sinusoidal current of constant 
r.m.s. value I (Table 2). In Fig. 4, 1 represents only 
the inner walls of the inductor’s copper tube with rec-
tangular profile. The magnetic vector potential was 
determined assuming that the total current nI of the 
inductor is distributed only over these inner walls 
with a density equal to (Fig. 4): 
.
mm
A12
)( 2
=−= cab
InJ     (9) 
0.39
0.4
0.41
0.42
0.43
52.5 7.5
40
41
Time (s)
42
10
M
el
t h
ei
gh
t (
cm
)
43
39
0
 
 
Fig. 5. Calculated transient melt height at r = 0. 
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Fig. 6. Calculated velocity distribution at t = 20 s. 
 
A calculated evolution in time of the middle bath 
height is shown in Fig. 5, where final unphysically 
oscillations of the melt height were removed by using 
the value e = 10−4 for the small adjusting constant in-
troduced in Table 1. The steady flow, determined in 
the MFD simulation as the final solution at t = 20 s of 
the transient flow, is characterized, as in the measure-
ments [13], by one very large eddy (Fig. 6). 
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Fig. 7. Free surface profile: symbols – measured 
values [13], line – calculated curve at t = 20 s. 
 
An experimental validating of accuracy in the free 
surface calculation by the presented MFD simulation 
was obtained as follows. 
From the visually determined melt heights using a 
contact method (Fig. 7) [13], results a bath level dif-
ference ∆h (Fig. 4) of the strongly deformed free sur-
face in the partly filled crucible of ∆h = 17.5−18 mm. 
By utilization of the commercial ANSYS package 
for the 2D computation of the steady electromagnetic 
field, Lorentz forces, flow field and free surface by 
applying the stationary k-ε model and the classical 
VOF method, wavy surface shapes were calculated in 
[13] with a deformation of about ∆h = 7 mm, which is 
more than two times lower comparing to the experi-
mentally measured height difference. 
With the presented MFD simulation, implemented 
with the unsteady k-ε model in the self-developed 
computer program, a smooth free surface profile with 
a more accurately calculated bath level difference of 
∆h = 15.7 mm was determined (Fig. 7). 
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